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The convergence of the MP2 valence correlation energy and pair energies for the correlation
consistent basis sets has been investigated. Ne, HF, H2O, and N2 were studied. For all of these
molecules, accurate MP2 correlation and pair energies are available from the recent MP2-R12
calculations of W. Klopper@J. Chem. Phys.102, 6168 ~1995!#. The magnitudes of the calculated
MP2 valence correlation and pair energies are found to increase systematically with increasing basis
set size, with the cc-pV6Z basis set yielding 97.4%–98.3% of the MP2 valence correlation energy.
A detailed analysis of the results for Ne reveals that the error due to truncation of the radial
functions in the cc-pV6Z set is comparable to that due to neglect of higher angular momentum
functions. Procedures for extrapolating the results to the complete basis set limit have also been
investigated. ©1997 American Institute of Physics.@S0021-9606~97!00721-6#
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I. INTRODUCTION

The treatment of electron correlation in atomic and m
lecular calculations requires careful consideration of the v
ous factors which influence the accuracy of the ma
electron wave function. Attention must be given to bo
problems encountered in accurateab initio calculations. The
first of these is the error due to the truncation of the o
electron basis set used to expand the atomic or molec
orbitals. The second is the error due to the use of appr
mations to the full configuration interaction calculation
employing methods such as Mo” ller–Plesset perturbation
theory ~MP2, MP3, MP4,...!, coupled cluster method
~CCSD, CCSDT,...!, or single- and multireference ap
proaches~SDCI, MRCI!.

Because the accuracy of the electronic wave functio
dependent on both the form chosen for the electronic w
function and the quality of the one-particle basis set, it
important to understand the basis set dependence of the
ous correlation methods. Too often a more accurate co
lated electronic structure method is used with a less accu
one-particle basis set. This can lead to erratic results
limit our understanding of the errors associated with the v
ous correlated methods.1 Only by approaching the complet
basis set limit can theintrinsic accuracy of the theoretica
model be determined.

Unfortunately, it is difficult to approach the comple
basis set~CBS! limit for any particular correlation method
This is due to the slow convergence to the CBS limit as
basis set is systematically expanded which, in turn, is prim
rily due to the difficulty of satisfying the interelectronic cus
condition with a finite basis set. An acceptable approa
might be to obtain an estimate of the CBS limit by extrap
lating the results from a series of basis sets that exhibit
tematic convergence properties. However, regular con
gence is not observed with the majority of the basis set
use today. As a result, it has proven to be very difficult
8718 J. Chem. Phys. 106 (21), 1 June 1997 0021-9606/97/
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obtain estimates of the intrinsic errors in correlated atom
and molecular wave functions.

The family of correlation consistent basis sets2–4 has
been found to be quite unique among the basis sets avai
today. These sets have been found to exhibit systematic
vergence to an apparent CBS limit. As a result, the corre
tion consistent sets have become quite useful in estima
CBS limits and in understanding the intrinsic errors asso
ated with specific correlated molecular wave functions.5–11

In this work, we study the behavior of the MP2 valen
correlation energy and pair energies upon increasing the
of the correlation-consistent basis sets for H2O, N2, HF, and
Ne.

For reference, we use the recent MP2-R12 results
Klopper12 which provide reliable ‘‘exact’’ limits for these
four systems. In the MP2-R12 method of Kutzelnigg a
Klopper,13–15 terms are included in the wave function whic
depend linearly on the interelectronic coordinater i j . These
terms provide a far better description of the correlation cu
than can be provided by one-electron basis sets alone
including such terms, Kutzelnigg, Klopper, and Noga,12–17

have shown that the exact limit can be reached for a num
of correlation methods.

Using the exact limits of the Klopper as reference poin
we have also examined various methods for extrapolating
correlation-consistent basis set results to the CBS limit.

II. METHODOLOGY

The correlation consistent basis sets of Dunning a
co-workers2–4,18,19have been used in the present work, alo
with three new high-accuracy correlation-consistent s
~cc-pV6Z,20 aug-cc-pV6Z,21 and cc-pCV6Z22! to further ex-
amine issues of convergence and accuracy. These sets w
are denoted as cc-pVnZ, wheren5D~2!, T~3!, Q~4!, 5, and
6, are constructed by systematically addingshellsof corre-
lating functions to the atomic Hartree–Fock orbitals. T
functions included in each shell contribute a compara
106(21)/8718/9/$10.00 © 1997 American Institute of Physics
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8719A. K. Wilson and T. H. Dunning, Jr.: Benchmark calculations. X
TABLE I. Valence pair energies and correlation energies from MP2 calculations on H2O with the cc-pVnZ basis sets.

e(2a1
2) e(2a11b1) e(2a13a1) e(2a11b2) e(1b1

2) e(1b13a1) e(1b11b2) e(3a1
2) e(3a11b2) e(1b2

2) E(MP2)

cc-pVDZ 28.98 218.23 214.98 214.92 219.71 231.78 228.88 217.42 229.81 216.91 2201.62
cc-pVTZ 211.20 224.91 221.72 222.87 223.10 238.29 236.24 222.28 238.62 222.23 2261.46
cc-pVQZ 212.29 227.41 224.16 225.82 224.47 240.24 238.58 224.09 241.45 224.28 2282.79
cc-pV5Z 212.75 228.40 225.14 227.05 225.03 240.97 239.49 224.87 242.60 225.20 2291.50
cc-pV6Z 212.97 228.83 225.57 227.60 225.29 241.26 239.87 225.25 243.07 225.66 2295.37
MP2-R12a 213.31 229.41 226.16 228.33 225.65 241.62 240.30 225.81 243.64 226.31 2300.54

D 0.34 0.58 0.59 0.73 0.36 0.36 0.43 0.56 0.57 0.65 5.

aW. Klopper, J. Chem. Phys.102, 6168~1995!.
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amount to the correlation energy. Because of this auf
scheme, these basis sets are as compact as possible
given level of accuracy. For the first row atoms, the valen
sets are

Primitive Sets Contracted Sets

cc-pVDZ (9s4p1d) @3s2p1d#
cc-pVTZ (10s5p2d1 f ) @4s3p2d1 f #
cc-pVQZ (12s6p3d2 f1g) @5s4p3d2 f1g#
cc-pV5Z (14s8p4d3 f2g1h) @6s5p4d3 f2g1h#
cc-pV6Z (16s10p5d4 f3g2h1i ) @7s6p5d4 f3g2h1i #

In addition to the valence (cc-pVnZ) sets, Dunning and
co-workers have also developed augmented valence
(aug-cc-pVnZ) and core-valence sets (cc-pCVnZ). The aug-
mented sets3,21 include diffuse functions which are importan
in the description of the long-range behavior of the wa
function~critical for describing anions, long-range dispersi
forces, etc.!. These sets are based on the standard correla
consistent valence sets, but with an additional diffuse fu
tion for each angular momentum symmetry. The cor
valence sets4,22 include high exponent functions which a
important in the description of core–core and core–vale
correlation effects. In this work, all three types of correlati
consistent basis sets are used, though calculations usin
valence sets have been the primary focus. Only pure sph
cal harmonic components of the polarization functions
used.

We report the values for the valence MP2 pair en
gies and correlation energies of several molecules at spe
geometries: N2 (RNN52.070a0), H2O (ROH51.808 85
a0 ; uHOH5104.52°), and HF (RHF51.7328a0). The
codes that were used includeMOLPRO23 and
SUPERMOLECULE.24
J. Chem. Phys., Vol. 106
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III. RESULTS AND DISCUSSION

A. MP2 total and pair energies for H 2O, Ne, N2,
and HF

Tables I–IV summarize the valence MP2 pair energ
and correlation energies computed for H2O, Ne, N2, and HF
using the double zeta through sextuple zeta valence basis
(cc-pVnZ, n5D26). Tables V and Tables VI list the pai
energies and valence correlation energies for calculation
H2O and Ne using the augmented basis sets through the
tuple zeta level~aug-cc-pV6Z!, while Tables VII–IX give all
of the pair energies and the core–valence and valence c
lation energies for H2O and Ne using the core–valence se
through the quintuple zeta level for H2O and through the
sextuple zeta level for Ne. In all of these tables, the comp
basis set~CBS! limits obtained by Klopper12 are also listed.

Consider first the MP2 valence correlation energies
H2O and Ne. As can be seen in Fig. 1, the MP2 valen
correlation energies systematically increase in magnitude
the basis set is expanded from cc-pVDZ to cc-pV6Z. W
the cc-pV6Z sets, the MP2 valence correlation energy
H2O (2295.37 mEh) is 5.17 mEh higher than the limiting
value of2300.54 mEh , while for Ne the MP2 valence cor
relation energy (2311.78 mEh) is 8.22 mEh higher than the
limit of 2320.00 mEh . If the aug-cc-pV6Z sets are use
instead, the differences are reduced slightly—to 4.56 mEh

(H2O) and 7.12 mEh ~Ne!; see Fig. 2. Finally, if the cc-
pCV6Z set is used for Ne, the error in the total MP2 valen
correlation energy is reduced to 7.09 mEh . From these re-
sults it is clear that, as far as the MP2valencecorrelation
energy is concerned, the augmented and core–valence
add little to the standard cc-pVnZ sets for these systems.

In Fig. 3, the valence correlation energy calculated us
th the
TABLE II. Valence pair energies and correlation energies from MP2 calculations on the neon atom wi
cc-pVnZ basis sets.

e(2s2s) e(2s2p) e(2px
2) e(2px2py) E(MP2)

cc-pVDZ 27.27 238.11 248.54 291.61 2185.53
cc-pVTZ 29.56 265.56 266.48 2122.72 2264.32
cc-pVQZ 210.75 276.82 273.55 2132.46 2293.58
cc-pV5Z 211.31 281.80 276.77 2136.29 2306.17
cc-pV6Z 211.57 283.95 278.32 2137.94 2311.78
MP2-R12a 212.02 287.09 280.74 2140.15 2320.00

D 0.45 3.14 2.42 2.21 8.22

aW. Klopper, J. Chem. Phys.102, 6168~1995!.
, No. 21, 1 June 1997
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8720 A. K. Wilson and T. H. Dunning, Jr.: Benchmark calculations. X
TABLE III. Valence pair energies and total correlation energies from MP2 calculations on N2 with the cc-pVnZ basis sets.

e(2sg
2) e(2sg2su) e(2su

2) e(2sg3sg) e(2su3sg) e(3sg
2) e(2sg1pu) e(2su1pu) e(3sg1pu) e(1pu

2) E(MP2)

cc-pVDZ 28.75 26.73 212.89 28.88 219.90 212.46 239.07 239.07 253.11 2104.78 2305.64
cc-pVTZ 212.76 28.98 215.59 213.47 226.37 215.59 251.34 250.25 262.41 2116.28 2373.04
cc-pVQZ 214.71 29.87 216.62 215.38 228.55 216.76 256.47 253.63 265.30 2120.84 2398.13
cc-pV5Z 215.53 210.21 217.07 216.12 229.50 217.27 258.59 254.98 266.41 2122.85 2408.53
cc-pV6Z 215.92 210.34 217.28 216.43 229.94 217.51 259.54 255.59 266.87 2123.81 2413.23
MP2-R12a 216.57 210.54 217.64 216.91 230.66 217.93 260.94 256.38 267.55 2125.25 2420.37

D 0.65 0.20 0.36 0.48 0.72 0.42 1.40 0.79 0.68 1.44 7.

aW. Klopper, J. Chem. Phys.102, 6168~1995!.
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each level of basis set is represented as a percentage o
limiting values. At the cc-pVDZ level from 58.0% to 72.7%
of the correlation energy is recovered. The largest percen
is recovered for N2 with a steady decrease from H2O to HF
to Ne. This same trend holds for all of the cc-pVnZ sets,
although the magnitude of the spread decreases dramatic
The cc-pVTZ set recovers 82.6%–88.7% of the MP2-R
limit, cc-pVQZ recovers 91.7%–94.7%, and cc-pV5Z reco
ers 95.7%–97.2%. The best calculations, which utilize
cc-pV6Z basis set, obtain 97.4%–98.3% of the limit. A
though there is a steady increase in the percentage o
correlation energy recovered with basis set, the obser
very gradual improvement at the higher zeta levels illustra
the expected slow convergence of basis set expansions.

The MP2 valence pair energies of N2 and H2O are plot-
ted in Figs. 4 and 5, while the percentages recovered
plotted in Fig. 6. For H2O the pair energies computed wit
the cc-pV6Z set range in value from 0.34 to 0.73 mEh higher
that the limiting pair energies calculated by Klopper.12 The
range in errors is from nearly 1% to slightly more than 2.5
for the cc-pV6Z set. As can be seen in Fig. 5, the range
errors can be quite large for the smaller basis sets. For
ample, with the cc-pVDZ set the fraction of the pair ener
recovered ranges from 52.7% fore(2a11b2) to 76.8% for
e(1b1

2), while for the cc-pVTZ set the variation is from
80.7% fore(2a11b2) to 92.0% fore(1b13a1). As expected,
the augmented and core–valence sets improve the re
only slightly. Note that the errors are distributed over a w
range of electron pairs, i.e., the error in the MP2 valen
correlation energy is not due to errors in just a few p
energies.

With the core–valence sets, all-electron calculatio
were also performed; see Tables VIII–IX. The cc-pCV5
J. Chem. Phys., Vol. 106
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basis set provides an MP2 core plus core–valence correla
energy for H2O that is 1.52 mEh higher than the limiting
value of261.47 mEh . This is 97.5% of the core and core
valence correlation energy. For Ne, the calculated core p
core–valence correlation energies are266.04 mEh ~cc-
pCV5Z! and 266.87 mEh ~cc-pCV6Z!, corresponding to
97.4% and 98.6%, respectively, of the limiting valu
(266.80 mEh) reported by Klopper.12

B. Analysis of MP2 calculations on Ne with cc-pV6Z
basis set

To better understand the cause of the errors in the
rent calculations, we determined the contribution of each
of angular momentum functions (s,p,d,...) in thecc-pV6Z
basis set to the MP2 pair correlation energies in Ne. Th
contributions are compared with results from accurate ato
calculations by Jankowski and Malinowski25 in Table X. Ex-
cept for the last two rows, the columns labeledD in the table
are simply the errors ine( i j ) for the given angular momen
tum set. These are a measure of the incompleteness o
radial expansions for each angular momentum included
the cc-pV6Z set. In the penultimate row, theD columns are a
sum of all of the previous rows, i.e., a measure of the to
incompleteness in the radial expansions of the angular
menta included in the cc-pV6Z set. In the last row, theD
columns give the remaining errors in the pair energies
determined by comparison to Jankowski and Malinowsk25

These differzences are a measure of the incompletenes
the angular momentumexpansions included in the cc-pV6
set.

The first point to note is that the residual errors in t
radial expansions are comparable to the residual errors in
the
TABLE IV. Valence pair energies and total correlation energies from MP2 calculations on HF with
cc-pVnZ basis sets.

e(2s2) e(2s3s) e(3s2) e(2s1p) e(3s1p) e(1p2) E(MP2)

cc-pVDZ 28.45 216.02 221.84 228.71 262.54 264.07 2201.63
cc-pVTZ 210.71 223.69 226.03 246.03 279.97 285.34 2271.77
cc-pVQZ 211.89 226.56 227.73 252.80 285.49 293.05 2297.52
cc-pV5Z 212.42 227.76 228.44 255.71 287.63 296.34 2308.30
cc-pV6Z 212.66 228.26 228.78 256.96 288.51 297.84 2313.00
MP2-R12a 213.06 228.98 229.30 258.76 289.64 2100.04 2319.78

D 0.40 0.72 0.52 1.80 1.13 2.20 6.78

aW. Klopper, J. Chem. Phys.102, 6168~1995!.
, No. 21, 1 June 1997
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8721A. K. Wilson and T. H. Dunning, Jr.: Benchmark calculations. X
TABLE V. Valence pair energies and total correlation energies from MP2 calculations on H2O with the aug-cc-pVnZ basis sets.

e(2a1
2) e(2a11b1) e(2a13a1) e(2a11b2) e(1b1

2) e(1b13a1) e(1b11b2) e(3a1
2) e(3a11b2) e(1b2

2) E(MP2)

aug-cc-pVDZ 29.13 219.16 216.17 216.53 220.26 234.17 232.15 218.99 233.90 218.89 2219.35
aug-cc-pVTZ 211.35 225.37 222.32 223.76 223.30 238.98 237.37 222.83 240.05 223.02 2268.35
aug-cc-pVQZ 212.37 227.61 224.42 226.32 224.57 240.51 239.06 224.37 242.09 224.68 2285.91
aug-cc-pV5Z 212.79 228.50 225.26 227.23 225.09 241.07 239.68 225.02 242.85 225.41 2292.90
aug-cc-pV6Z 212.98 228.87 225.62 227.68 225.31 241.30 239.94 225.32 243.19 225.77 2295.98
MP2-R12a 213.31 229.41 226.16 228.33 225.65 241.62 240.30 225.81 243.64 226.31 2300.54
D 0.33 0.54 0.54 0.65 0.34 0.32 0.36 0.49 0.45 0.54 4.

aW. Klopper, J. Chem. Phys.102, 6168~1995!.

TABLE VI. Valence pair energies and total energies from MP2 calculations on the neon atom with the
aug-cc-pVnZ basis sets.

e(2s2s) e(2s2p) e(2px
2) e(2px2py) E(MP2)

aug-cc-pVDZ 27.61 241.25 254.50 2103.51 2206.87
aug-cc-pVTZ 29.72 268.19 268.48 2126.14 2272.52
aug-cc-pVQZ 210.81 277.98 274.55 2133.90 2297.24
aug-cc-pV5Z 211.35 282.35 277.32 2136.96 2307.98
aug-cc-pV6Z 211.60 284.29 278.67 2138.32 2312.88
MP2-R12a 212.02 287.09 280.74 2140.15 2320.00
D 0.42 2.80 2.07 1.83 7.12

aW. Klopper, J. Chem. Phys.102, 6168~1995!.

TABLE VII. Valence pair energies and total correlation energies from MP2 calculations on H2O with the cc-pCVnZ basis sets.

e(2a1
2) e(2a11b1) e(2a13a1) e(2a11b2) e(1b1

2) e(1b13a1) e(1b11b2) e(3a1
2) e(3a11b2) e(1b2

2) E(MP2)

cc-pCVDZ 29.30 218.76 215.64 215.62 219.73 231.92 228.98 217.56 230.02 217.00 2204.53
cc-pCVTZ 211.46 225.37 222.31 223.59 223.20 238.53 236.49 222.51 238.99 222.49 2264.94
cc-pCVQZ 212.41 227.61 224.42 226.15 224.53 240.35 238.69 224.22 241.63 224.43 2284.44
cc-pCV5Z 212.81 228.49 225.26 227.20 225.06 241.02 239.56 224.95 242.69 225.29 2292.33
MP2-R12a 213.31 229.41 226.16 228.33 225.65 241.62 240.30 225.81 243.64 226.31 2300.54

D 0.50 0.92 0.90 1.13 0.59 0.60 0.74 0.86 0.95 1.02 8.

aW. Klopper, J. Chem. Phys.102, 6168~1995!.

TABLE VIII. Core and core–valence pair energies and total core correlation energies~including core–valence
energies! from MP2 calculations on H2O with the cc-pCVnZ basis sets.

e(1a1
2) e(1a12a1) e(1a11b1) e(1a13a1) e(1a11b2) E(MP2)

cc-pCVDZ 229.11 22.71 21.28 21.80 21.87 236.80
cc-pCVTZ 235.54 24.02 23.43 24.48 25.09 252.56
cc-pCVQZ 238.85 24.49 23.94 25.10 25.80 257.83
cc-pCV5Z 239.89 24.65 24.10 25.30 26.02 259.95
MP2-R12a 240.86 24.75 24.22 25.46 26.19 261.47

D 0.97 0.10 0.12 0.16 0.17 1.52

aW. Klopper, J. Chem. Phys.102, 6168~1995!.

TABLE IX. Pair energies and correlation energies from MP2 calculations on the neon atom with the
cc-pCVnZ basis sets.

e(1s2) e(1s2s) e(2s2) e(1s2p) e(2s2p) e(2px
2) e(2px2py) E(MP2)

cc-pCVDZ 228.38 23.06 27.72 26.55 241.44 248.88 292.27 2228.30
cc-pCVTZ 234.65 24.65 210.00 218.16 269.36 267.71 2124.58 2329.10
cc-pCVQZ 238.03 25.23 210.98 220.75 278.78 274.34 2133.40 2361.51
cc-pCV5Z 239.18 25.40 211.42 221.46 282.66 277.23 2136.79 2374.14
cc-pCV6Z 239.66 25.47 211.65 221.74 284.42 278.60 2138.22 2379.78
MP2-R12a 240.24 25.53 212.02 222.03 287.09 280.74 2140.15 2387.80

D 0.58 0.06 0.37 0.29 2.67 2.14 1.93 8.02

aW. Klopper, J. Chem. Phys.102, 6168~1995!.
J. Chem. Phys., Vol. 106, No. 21, 1 June 1997
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8722 A. K. Wilson and T. H. Dunning, Jr.: Benchmark calculations. X
angular momentum expansions: 0.24 vs 0.25 mEh for
e(2s2s), 1.63 vs 1.57 mEh for e(2s2p), and 2.45 vs.
2.09 mEh for e(2p2p). This means that any scheme used
extrapolate the MP2 correlation and pair energies to the C
limit must account for the incompleteness in both the rad

FIG. 1. Valence correlation energies from MP2 calculations on H2O, N2,
HF, and Ne with the cc-pVnZ basis sets.

FIG. 2. Valence correlation energies from MP2 calculations on H2O with
the cc-pVnZ, aug-cc-pVnZ, and cc-pCVnZ basis sets.
J. Chem. Phys., Vol. 106

Downloaded¬04¬Jun¬2007¬to¬140.123.5.13.¬Redistribution¬subject¬t
S
l

and angular expansions. This is very different than in man
other studies of the convergence behavior of correlatio
energies26 since any extrapolation scheme must simulta
neously account for incompleteness in both the expansio
not just in the angular expansion.

FIG. 3. Percentage of valence MP2 correlation energies of H2O, N2, HF,
and Ne obtained with the cc-pVnZ basis sets. CBS limits are from Klopper
~Ref. 12!.

FIG. 4. Valence MP2 pair energies for N2 from calculations with the
cc-pVnZ basis sets.
, No. 21, 1 June 1997
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8723A. K. Wilson and T. H. Dunning, Jr.: Benchmark calculations. X
The calculated pair energies are changed significant
we use the cc-pCV6Z set, the total errors in the radial exp
sions being reduced by factors of 1.3–1.5~see Table XI!.
More importantly, the tight functions included in this s
eliminate the irregularities observed in the p radial exp
sions in e(2s2s), the p, d, and f radial expansions in
e(2s2p), and the p, d, f , and g radial expansions in
e(2p2p). However, the total errors in the radial expansio
are still greater than 70% of the total errors in the angu
expansions.

IV. EXTRAPOLATION TO THE COMPLETE BASIS SET
LIMIT

As has been shown above, the large cc-pV6Z basis
provide valence correlation and pair energies that are wi

FIG. 5. Valence MP2 pair energies for H2O from calculations with the
cc-pVnZ basis sets.
J. Chem. Phys., Vol. 106
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2% to 3% of the CBS limits. Because of the regular conv
gence pattern observed with the correlation consistent b
sets, it is of interest to determine if the valence correlat
and pair energies can be extrapolated to the CBS limit. In
past, it has been observed,7,27–29that various molecular prop
erties, including energetics and spectroscopic proper
converge nearly exponentially with respect to increases
the size of the correlation–consistent basis set. The follow
functional form has proven useful in extrapolating to t
CBS limit.

A~n!5A~`!1Be2Cn, ~1!

wheren represents the cardinal number of the basis set~e.g.,
n52 for cc-pVDZ! andA(`) corresponds to the estimate
CBS limit (n→`) for propertyA. The parametersA(`),

FIG. 6. Percentage of valence MP2 pair energies of H2O and N2 obtained
with the cc-pVnZ basis sets. CBS limits are from Klopper~Ref. 12!.
eeding set
TABLE X. Incremental energy lowerings for addition of selected angular momentum sets to the Hartree–Fock orbitals of the neon atom; each succ
includes the previous sets. The angular momentum sets were taken from the cc-pV6Z basis set.

l

uDe l(2s2s)u uDe l(2s2p)u uDe l(2p2p)u

Present J&Ma D Present J&Ma D Present J&Ma D

s 23.17 23.18 0.01 ••• ••• ••• 22.28 22.29 0.01
p 21.78 21.84 0.06 242.45 242.62 0.17 296.27 296.50 0.23
d 24.60 24.62 0.02 216.89 217.18 0.29 290.88 291.09 0.21
f 21.28 21.30 0.02 217.46 217.64 0.18 215.60 215.94 0.34
g 20.47 20.50 0.03 24.91 25.14 0.23 27.87 28.29 0.42
h 20.20 20.23 0.03 21.71 22.04 0.33 22.59 23.15 0.56
i 20.07 20.12 0.05 20.53 20.97 0.44 20.77 21.45 0.68

SDe l 211.57 211.81 0.24 283.95 285.58 1.63 2216.26 2218.71 2.45
ea 212.02 0.21 287.15 1.57 2220.80 2.09

aK. Jankowski and P. Malinowski, Phys. Rev. A21, 45 ~1980!.
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TABLE XI. Incremental energy lowerings for addition of selected angular momentum sets to the Hartree–Fock orbitals of the neon atom; each s
set includes the previous sets. The angular momentum sets were taken from the cc-pCV6Z basis set.

l

uDe l(2s2s)u uDe l(2s2p)u uDe l(2p2p)u

Present J&Ma D Present J&Ma D Present J&Ma D

s 23.18 23.18 0.00 ••• ••• ••• 22.29 22.29 0.00
p 21.83 21.84 0.01 242.58 242.62 0.04 296.44 296.50 0.06
d 24.61 24.62 0.01 217.12 217.18 0.06 290.98 291.09 0.11
f 21.28 21.30 0.02 217.52 217.64 0.12 215.76 215.94 0.18
g 20.48 20.50 0.02 24.95 25.14 0.19 27.97 28.29 0.32
h 20.20 20.23 0.03 21.72 22.04 0.32 22.62 23.15 0.53
i 20.07 20.12 0.05 20.53 20.97 0.44 20.77 21.45 0.68
SDe l 211.65 211.81 0.16 284.42 285.58 1.16 2216.83 2218.71 1.88
ea 212.02 0.21 287.15 1.57 2220.80 2.09

aK. Jankowski and P. Malinowski, Phys. Rev. A21, 45 ~1980!.
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B, andC are determined via a least-squares procedure.
formal justification as to why this functional form seems
work has yet been provided, though the convergence be
ior observed in the development of the sets2 suggested such
form.

We have used Eq.~1! to extrapolate the results from ou
four test systems to the CBS limit. Although the exponen
extrapolation certainly improves the calculated results,
remaining errors are substantial; see Table XII. For Ta
XII, extrapolations were done including results from three
five levels of basis sets. For instance, ‘‘D-Q’’ in the tab
represents an extrapolation including the results from the
pVDZ, cc-pVTZ, and cc-pVQZ basis sets. As seen in Ta
XII, the root-mean-square~rms! errors in the exponentially
extrapolated CBS limits range from 3 to 7.5 mEh .

To see if we could improve on the exponential functio
we also investigated the following functional form:
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A~ lmax!5A~`!1
B

~ lmax1d!m
1

C

~ lmax1d!m11

1
D

~ lmax1d!m12 , ~2!

where lmax is the maximum angular momentum represen
in each basis set,d is an angular momentum offset, an
m53 or 4. This particular form was inspired by convergen
studies of the MP2 energy of the helium atom26 where it was
found that the partial wave increments asymptotically follo
~m 5 4, C5D50! for singlet pairs and~m1256, B5C
50! for triplet pairs withd51/2. Additionally, the trunca-
tion error behaves as~m53, C50!. Martin and Lee have
also shown that the form whereC50 and d51/2 works
quite well for extrapolations of CCSD~T! energies.30

The root-mean-square errors resulting from the lea
8
1

1

0
9

2

TABLE XII. Root-mean-square errors in the extrapolated MP2 valence correlation energies obtained from calculations with the cc-pVnZ sets for Ne,
H2O, N2, and HF.

Range Expt.

~3! ~3,4! ~3,5! ~3,4,5!

d50 1/2 1 d50 1/2 1 d50 1/2 1 d50 1/2 1

D-Q 7.53 12.52 4.67 3.61 1.49 4.16 5.36 0.73 2.89 5.06
D-5 5.84 9.06 2.90 3.54 1.48 3.34 4.03 0.41 2.46 3.96 1.57 1.33 0.8
D-6 4.89 7.05 2.03 3.19 1.18 2.50 2.88 0.36 1.90 2.96 0.65 0.37 0.8
T-5 3.94 2.38 0.89 3.83 1.52 2.04 2.02 0.94 1.82 2.31
T-6 3.56 1.75 0.83 3.13 0.83 1.07 0.91 0.49 1.04 1.29 1.08 1.84 2.6
Q-6 3.16 0.52 0.96 2.23 0.41 0.49 0.80 0.42 0.31 0.33

~4! ~4,5! ~4,6! ~4,5,6!

d50 1/2 1 d50 1/2 1 d50 1/2 1 d50 1/2 1

D-Q 22.16 16.67 10.88 5.97 2.77 0.53 7.56 4.31 1.63
D-5 16.97 12.64 8.20 4.34 1.97 0.37 5.56 3.13 1.16 0.91 0.43 0.5
D-6 13.68 10.15 6.54 3.49 1.67 0.42 4.46 2.58 1.07 1.06 0.66 0.5
T-5 7.82 5.52 3.38 1.76 0.78 0.37 2.48 1.37 0.55
T-6 6.22 4.48 2.73 1.64 0.94 0.50 2.18 1.37 0.76 1.39 1.42 1.6
Q-6 3.37 2.51 1.56 1.48 1.21 1.08 1.74 1.39 1.14
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o¬AIP¬license¬or¬copyright,¬see¬http://jcp.aip.org/jcp/copyright.jsp



f

u

r

n

s

-

he
ti
s

gy

th

in
te
n

th

a-

ing
o-
ing

t
tems

nce
they
asis
ered
%–
Z
at
el.
ets

ob-
rgies
o-

S

ave

for
adial
pan-

-
S.

er-

the
gy
as
ul-
rt-
n-
lso
th-
he
ed

ies

8725A. K. Wilson and T. H. Dunning, Jr.: Benchmark calculations. X
squares expansions using Eq.~2! are also summarized in
Table XII. In addition to using Eq.~2! with d50, 1/2, and 1,
we also examined the expansions determined withD50 @~3,
4! and~4, 5! extrapolation# and, separately,C50 @~3, 5! and
~4, 6! extrapolation#. Use of Eq.~2! reduces the magnitude o
theminimumrms error from 3.16 mEh ~exponential! to just
0.42 mEh @~3, 5! with d50#. In fact, the ~3, 5! fit with
d50 yields an rms error of less than 1 mEh for all of the
extrapolation sequences studied~D-Q through Q-6!. Only for
the T-5 and Q-6 extrapolations does one obtain better res
with other functional forms, e.g., a~4, 5! fit with d51 re-
duces the rms error from 0.94 to 0.37 mEh for the T-5 ex-
trapolations and a~3, 5! fit with d 5 1/2 reduces the erro
from 0.42 to 0.31 mEh for the Q-6 extrapolations.

The results of all of the extrapolations for a~3, 5! fit with
d50 and a~4, 5! fit with d51 are listed in Table XIII. For
the ~3, 5! fit with d50, the only absolute errors larger tha
1 mEh are for the D-Q and T-5 extrapolations for Ne~1.25
and 21.12 mEh , respectively! and the T-5 extrapolation
for HF (21.12 mEh). For the~4, 5! fit with d51, the only
absolute errors exceeding 1 mEh are for the Q-6 extrapola
tions for Ne, N2, and HF~1.29, 1.23, and 1.14 mEh , respec-
tively!.

As noted in the previous section for Ne, truncation of t
radial and angular expansions lead to comparable correla
energy errors for the largest correlation consistent set con
ered here~cc-pV6Z!. Thus, none of the expansions, Eq.~2!,
represent the ‘‘true’’ asymptotic behavior of the MP2 ener
with increasingn (cc-pVnZ). However, use of Eq.~2! does
lead to a significant improvement over Eq.~1! for extrapo-
lating the finite basis set results to the CBS limit. Overall,
~3, 5! fit with d50 and the~4, 5! fit with d51 seem to
provide the most accurate and consistent results, provid
estimates of the MP2 correlation energies that are accura
1 mEh . It is interesting to note that in MP2-R12 calculatio
on He2, Klopper

12 also found that the~4, 5! fit with d 5 1
provided an accurate description of the convergence of
MP2 energies.

TABLE XIII. Errors in the extrapolated MP2 valence correlation energ
obtained from calculations with the cc-pVnZ sets for Ne, H2O, N2, and HF.

~3,5!
d50

~4,5!
d51

~3,5!
d50

~4,5!
d51

H2O(2 300.54) N2 ~2420.37!
D-Q 20.38 20.40 D-Q 0.64 0.34
D-5 20.61 20.34 D-5 0.31 0.44
D-6 20.58 20.18 D-6 0.28 0.61
T-5 20.99 20.24 T-5 20.24 0.60
T-6 20.67 0.02 T-6 0.07 0.86
Q-6 20.17 0.40 Q-6 0.54 1.23

Ne(2 320.00) HF(2 319.78)
D-Q 1.25 0.91 D-Q 0.18 20.04
D-5 0.35 0.46 D-5 20.31 20.13
D-6 0.19 0.53 D-6 20.28 0.10
T-5 21.12 20.22 T-5 21.12 20.27
T-6 20.50 0.40 T-6 20.52 0.30
Q-6 0.45 1.29 Q-6 0.41 1.14
J. Chem. Phys., Vol. 106
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V. CONCLUSIONS

In this work we examined the convergence of the v
lence MP2 pair and correlation energies for H2O, HF, Ne,
and N2 with the correlation consistent basis sets of Dunn
and co-workers.2–4,18–21These sets result in smooth, mon
tonic convergence with the cc-pV6Z basis sets yield
97.4%–98.3% of the complete basis set~CBS! limits re-
ported by Klopper.12 The calculations with the cc-pV6Z se
are the most accurate basis set calculations on these sys
reported to date.

However, despite the desirable systematic converge
characteristics of the correlation consistent basis sets,
still show the usual slow convergence associated with b
set expansions. For example, for the molecules consid
here, the correlation consistent basis sets recover 58.0
72.7% of the valence correlation energy at the cc-pVD
level, 82.6%–88.7% at the cc-pVTZ level, 91.7%–94.7%
the cc-pVQZ level, and 95.7%–97.2% at the cc-pV5Z lev
For this same series, the number of functions in the s
increase from 14~cc-pVDZ! to 30 ~cc-pVTZ! to 55 ~cc-
pVQZ! to 91 ~cc-pV5Z! to 140 ~cc-pV6Z!.

Because of the systematic convergence behavior
served for the correlation consistent basis sets, the ene
can be approximately extrapolated to the CBS limit. Extrap
lating the valence MP2 correlation energies,E(2), computed
with the cc-pVDZ, cc-pVTZ, and cc-pVQZ sets to the CB
limit using

E~2!~ lmax!5E~2!~`!1
B

~ lmax11!4
1

C

~ lmax11!5
,

we obtain: 2300.94 mEh(H2O), 2319.09 mEh(Ne),
2319.82 mEh(HF), and 2420.03 mEh(N2). These differ
by just20.40, 0.91,20.04, and 0.34 mEh from the accurate
values reported by Klopper.12 Although the general form of
this expansion was suggested by prior studies of partial-w
expansions of the MP2 correlation energy,26 calculations on
the Ne atom clearly show that this form cannot be exact
the correlation consistent basis sets as the errors in the r
expansions are comparable to those in the angular ex
sions.

Note added in proof.The authors wish to draw the read
ers attention to two recent papers by D. Moncrieff and
Wilson @J. Phys. B29, 6009 ~1996!; J. Phys. B29, 2425
~1996!# that have thoroughly examined the correlation en
gies of H2O and N2 using distributed Gaussian basis sets.
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